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On The Shortest Collision-Free Path Planning for Manipulator

Based on Circular Obstacle Region
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Abstract: A model of collision-free path planning for manipulator's end-effectors based on circular obstacle regions and
its corresponding algorithm to search the shortest collision-free path are presented in this paper. As the shortest one, the
shortest collision-free path can be found from all the relative shortest collision-free paths whose definition and properties
are provided as well in this paper. In order to find the relative shortest collision-free path, some algorithms on finding the
common tangent of two circles and checking whether it lies on a certain relative shortest collision-free path are given.
The searching algorithm of the shortest collision-free path is formed by integration of the algorithms. The searching
algorithm does not contain any iterative procedure, and consequently it can effectively establish shortest collision-free
paths for an acceptable short time. The searching algorithm can also avoid the trap of local minimum, and obtain the
shortest collision-free path represented by a smooth and continuous curve connecting starting point and target point of
the manipulator's end-effectors. In order to deal with the collision-free path planning based on non-circular obstacle
regions, the concept of expanded circle is introduced, and the above-mentioned collision-free path planning method
based on circular obstacle regions is generalized to non-circular obstacle regions. To resolve the intersection problem of
the expanded circles, a method to surround an obstacle region by multi-circles and their common tangent segments is

given in this paper.

Keywords: Manipulator, collision-free, path planning, circular obstacle region.

INTRODUCTION

Mobile robots are of great importance to
applications that involve inhospitable or remote
environments, inaccessible or dangerous to humans.
Typical examples can be found in manufacturing,
space exploration, security, medical surgery and the
assistance of movement for the elder and handicapped
people etc [1]. Although robots exist that use legs for
locomotion, the most common terrestrial and space
exploration robot platforms are wheeled. Tasks that go
beyond inspection require a manipulator on-board.

Considering that a manipulator has to accomplish
tasks by moving its end-effectors in the environment
with ineluctable obstacles [2-4], it is essential for a
manipulator to plan a collision-free path automatically.

The collision-free path planning problem is an
optimization problem with the objective of computing an
appropriate path between two specific locations. A
feasible path is a path which does not collide with
obstacles in the environment, regardless of different
existing constraints that can be applied.

There are many ways to solve the obstacle
avoidance problem of a manipulator, the most
commonly used are the grid-based A* algorithm [5, 6],
road maps [7], cell decomposition [8, 9] and artificial
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potential field [10]. However, these methods are not
perfect that every method has its own advantages and
inevitable shortcomings. Artificial potential field method
was proposed in 1986 by Dr. Khatib, and this method is
first used in collision-free path planning for
manipulators, and realized the real time obstacle
avoidance. The main idea of artificial potential field
method is establish attractive force potential field
around target point and establish repulsive potential
field around obstacles. The two potential fields together
formed a new potential field, called artificial potential
field. It searches for the falling direction of potential
function to find a collision-free path which is built from
the start point to target point. Because it is simple and
intuitionistic, and uses little computation and small data
storage space for planning collision-free paths and the
path is smooth and secure. So the artificial potential
field has been widely used. Then the artificial potential
field method is a local planning method, which is
difficult to plan the global optimal path. Algorithm itself
also couldn’t solve all local minimum problems. When
the obstacle is very close to the target point or the
robot on the straight line between target point and the
obstacles, the robot will oscillate in front of the obstacle
or be pushed by repulsion.

Grid method is more widely used in path planning. It
divides environment space into several simple areas,
called grids. Each cell is marked as an obstacle or a
non-obstacle one based on the actual position of the
obstacles. By such representation, the path can be
defined as a consecutive sequence of grids which
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begins at the start grid and ends at the destination grid.
In this way, there are many different algorithms
developed such as: graph search methods [11], A*
algorithm, ant colony [12] and genetic algorithm
[13, 14] are some of these approaches. Grid method
can provide the shortest collision-free path from the
original starting point to the original target, but it cannot
automatically give the smoothest path. Moreover, the
shortest collision-free path provided by the method
depends on the size of the grids, different sizes of the
grids will cause different shortest collision-free path. On
the other hand, the corresponding path searching
algorithms, such as ant colony and genetic algorithm,
require an iterative procedure, which can be time-
consuming, and therefore it is difficult to guarantee the
searching speed and precision. Especially these
searching algorithms lack hill-climbing [15-17] capacity,
and can easily fall in a trap of local minimum.

In computational geometry, the obstacles are
modeled as polygons with disjoint interiors [18], which
means that it is impossible for the shortest collision-free
path to be a smooth curve. In this paper, a model of
collision-free path planning for manipulator's end-
effectors based on circular obstacle region and the
corresponding algorithm to search the shortest
collision-free path are presented in detail. The
searching algorithm does not contain any iterative
procedure, can avoid the trap of local minimum, and
obtains the shortest collision-free path represented by
a smooth and continuous curve connecting starting
point and target point of the manipulator's
end-effectors.

1. THE GEOMETRIC MODEL OF COLLISION- FREE
PATH

In this section we introduce some of the basic
notions and techniques used in collision-free path
planning. The general collision-free path planning
problem is quite difficult, and we shall make some
simple assumptions.

The most drastic simplification is that we will look at
a 2-dimensional collision-free path planning problem.
The environment will be a planar region with circular
obstacles. We assume that the radius of circles is large
enough such that the manipulator's end-effectors can
move along the circles without colliding with any of the
obstacles. Considering that the presence of some
circles region has no influence on the shortest collision-
free path, we also assume that the projection of the
center of each circle on the straight line connecting

starting point and target point always lies between the
two points.

As shown in Figure 1, we denote the obstacles by
disjoint circles with centers O,,---,0, and radii #,---,r,

n

respectively, and we denote starting point and end
point of the manipulator’s end-effectors by p_ and p, .

Figure 1: An obstacle avoidance path model of manipulator
based on circular obstacle regions.

For two fixed points p. and p,, there are many

collision-free path connecting them, which lie outside
the obstacle regions, the projection of the obstacle on
the planning plane. Therefore a collision-free path can
partition the n disjoint circles into two groups, called a
partition of the n disjoint circles generated by the
collision-free path. Conversely, for each partition of the
n disjoint circles, there are infinite collision-free path
which can generate such a partition, one of them is the
shortest collision-free path with respect to the partition,
called relative shortest collision-free path with respect
to the partition, or relative shortest collision-free path
simply when no confusion is possible. Apparently the
shortest collision-free path is the shortest one of all the
relative shortest collision-free paths.

For any partition of the n disjoint circles, we will
study the properties of relative shortest path. We can
visualize what the relative shortest path looks like by a
thought experiment. Imagine that the n disjoint circles
are columns sticking out of the plane, take an elastic
rubber band whose two endpoints are fixed at points
p, and p, respectively, hold it around the columns,

and let it go. It will snap around the columns,
minimizing its length. The path shown by the elastic
rubber band is the relative shortest collision-free path
with respect to the partition. This discloses an
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important property of a relative shortest collision-free
path: it is a curve formed by the straight line segments
and arc segments being connected alternately, whose
first and last segments are all straight line segment. In
particular, if the straight line segment p_p, does not
intersect each of the n circles, then the straight line
segment p_ p, is the shortest collision-free path.

In this paper, the direction of a path or its sub-path
connecting two points on the path is defined as the one
from starting point and end point.

2. SOME PROPERTIES OF RELATIVE SHORTEST
COLLISION-FREE PATH

In order to find a relative shortest collision-free path,
it is useful to be aware of some properties of the
relative shortest collision-free path. These properties
include:

Property 2.1. For any relative shortest collision-free
path, the straight line segment is tangent to the arc
segment at their join point.

—

Figure 2: Connection of straight line and arc.

Proof: Actually, as shown in Figure 2, suppose for a
contradiction that path st'tp is a sub-path of a relative

shortest collision-free path L, and straight line
segment st' is not tangent to arc segment ¢'p at their

join point t'. Then there is another straight line
segment st that is tangent to the arc segment ¢'p at

their join point 7. Since the total number of circles is
finite, if point s is close to the circle adequately,
straight line segment st will not intersect the other
circles, and yet path stp is shorter than st'tp. This

contradicts the optimality of L, since any shortest path
must be locally shortest, that is, any sub-path
connecting points s and p on the path must be the

shortest path from s to p.

However, property 1 gives only a necessary
condition for a path to be a relative shortest collision-
free path. Actually, as shown in Figure 3, for the sub-
path rt,pt.t,, straight line segment r¢, is tangent to

arc segment t,pt, at their join point ¢, , and straight line

segment t.t, is tangent to arc segment t,pt, at their
join point ¢,. But directed straight line segment 1z,

points to the counterclockwise direction of circle O,
and directed straight line segment ¢, points to the

clockwise direction of circle O. Before state other
properties, we give the following definition firstly:

2.1. Definition

As shown in Figure 3, two directed tangent
segments of the circle (or arc) O are called consistent
with respect to circle(or arc) O, if they point to the
same direction of circle(or arc) O .

By definition 2.1, two directed tangent segments of
the arc 1,t,, or directed straight line segments 1, and
t,t, are not consistent with respect arc t,t;. So we
have:

Property 2.2. For any relative shortest collision-free
path, if two straight line segments are tangent to an arc
segment C at their join point, then the two straight line
segments are consistent with respect the arc
segment C.

Proof: As shown in Figure 3, suppose for a
contradiction that path #¢,pt;t, is a sub-path of a

relative shortest collision-free path L, p' is a point in
straight line segment ¢, . Since the total number of
circles is finite, if two points p and p' are close to
point ¢, adequately, straight line segment pp' will not
intersect the other circles, and the path #¢,pp't, will be
shorter than path f,ptt,. This contradicts the

optimality of L, since any shortest path must be locally
shortest, that is, any sub-path connecting points ¢, and

t, on the path must be the shortest path from ¢, to ¢,.

Figure 3: Connection of the arc and its two tangents (1).

If two straight line segments are tangent to an arc
segment C at their join point, in order to test whether
they are consistent, we first have to know whether the
two straight line segments point to the same direction
ofarc C.

Then the direction vector of the directed straight line
segment ¢, can be expressed as;
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sy = ((ty) = x(t,).y(0,) = ¥(1,)

The radius vector at point#, can be expressed as

01, = (x(t,) — x(0).(t,) — (O))
So we have

x(1,)=x(0)  y(1,)=y(0)

(1)
x(t)—x(@) ,y(,)—y()

But for the directed straight line segment 1y, its
direction vector can be expressed as

1, = (1) = x(1,) (8 = (1)

The radius vector at point ¢, can be expressed as

01, = (x(t,)— x(0). ¥(t,)— Y(O))
So we have

x(t;) = x(0)  y(13) = y(0)

(2)
x(t4)_ x(t3) :y([4)_)7(t3)

In fact, inequality (1) means that directed straight line
segment 1, points to the counterclockwise direction of

circle O, but inequality (2) means that directed straight
line segment t,z, points to the clockwise direction of

circle. O. Using the above determinant-based
inequalities we can conclude that the two directed
straight line segments point to the different direction of
circle O .

Property 2.3. For any relative shortest collision-free
path, each of its arc segments must be an inferior arc.

Proof: As shown in Figure 4, the arc t,p't, is a
superior arc, and the arc t,pt; is an inferior arc. It is
impossible for the path #¢,p"t,t, to be a sub-path of a

relative shortest collision-free path L, since path
1,t,ptst, is a shorter path from ¢, to ¢,.

Figure 4: Connection of the arc and its two tangents (2).

Apparently, path rz,pt,t, is not a sub-path of any

relative shortest collision-free path according to the
proof of property 2.2.

Property 2.4. A relative shortest collision-free path
intersects each of the circles at most once.

Proof: Suppose for a contradiction that a relative
shortest collision-free path L intersects the circle O
twice. As shown in Figure 5, suppose the path
intersects the circle O in arc t,t, for the first time,
since it can not contain any ring, it has to intersect the
rest part of the circle O at a point p, for example. The
dashed in Figure 5 denotes an arbitrary sub-path from
t, to p. However the path 1¢,t,p is shorter than path

nt,tt,p. This contradicts the definition of optimality
of L.

Figure 5: A path intersecting the circle twice.

3. SOME ALGORITHM ON FINDING THE COMMON
TANGENT

From property 2.1 we know that in a relative
shortest collision-free path, the straight line segment is
tangent to arc segment at their join point, thereby two
arc segments have to be connected by their common
tangent. Finding all the common tangents in a relative
shortest collision-free path is equivalent to finding
relative shortest collision-free path. Therefore some
algorithm on finding the common tangent of circles will
be given in this section.

3.1. Circle’s tangents passing through a point
outside the circle

As shown in Figure 6, p(x,y) is a point outside of
the circle with center O, and radii r,, pp' is a tangent
of circle O, passing through p(x,y), it makes 6

degree angles with the positive x-axis. Then the
coordinates of tangent point p' can be expressed as

(r, cos8,r,sin0) . For the purpose of finding the tangents
passing through p(x,y), it is sufficient to find the two
tangent segments.

Since the vector (1, cos6,r,sin8) is perpendicular to
the vector
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Figure 6: Tangents passing through a point in outside of the
circle.

(r; cos 0,1, sinB) + (x, —x,y, —y)

we have

r,cos0(r; cosO+x, —x)+r,sinO(r, sin@+y, —y)=0
1+ (x, —x)cos@+(y, —y)sinf =0

X=X
Jo—x) +(-»)
n

CJa—x ) -y

Y=
\/(x_x1)2+(y_y1)2

cosO + sin@

Let
sign(y)- atanH x>0
by
Atan 2(x,y) =
sign(y)- (& — atan H) x<0
by

be the four quadrant arctangent of elements of xand
y, then

h

6, — )=
COS( (p) \/(x_xl)z +(y_y1)2

where ¢ = Atan2(x - x,,y—y,) . So we have

I
Joe—x) +G-y)
7

\/(x_xl)z +(y—y1)2

0, = Atan2(x — x,,y — y,) + Arcos

0, = Atan2(x — x,,y — y,) + T — Arcos

and then for the circle center O, and radii 1, its two
tangent points passing through p(x,y)can be
expressed as

TP(x,y,X,,y,,t) = {(r, cos0,,r,sin@,),(r, cosB,,r, sin 6, )}

3.2. Exterior Common Tangents of Two Circles

As shown in Figure 7, O is the intersection point of
the two inner common tangents of the two circles with
centers O,, O, and radii 5, r . For the purpose of
finding the exterior common tangents of two circles, it is
sufficient to find the intersection points of each exterior
common tangent and two circles.

Figure 7: Exterior common tangents of two circles.

The coordinates of intersection point can be
expressed as

(x,¥) = (x;, ) + A = x5, = ¥2)
where A is a constant need to be determined.

If n <r,,we have

loo| _ l00,|+]0,0,]

n "

So we have
A=1[(r,=1)
and

p
lr (¥ =X, 01 = ¥2) (1)

n—n

(x, )=, 0) +
If n>r,, the coordinates of intersection point can be
expressed as

)
n—n

(X, ) =(x, 1) + (X = x1,¥, = »1)

h

=(x,y)+ p (=%, 1= »2)

n-n

Combining the last equation with equation (1), we
conclude that the intersection point coordinates of the
two inner common tangents of the two circles can
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always be expressed equation (1), whether # is bigger
than r, or not.

After finding the intersection point of the two exterior
common tangents, we can find the intersection points
of each exterior common tangent and two circles using
the method in sub-section 3.1.

3.3. Inner common tangents of two circles
As shown in Figure 7, O(x,y) is the intersection

point of the two inner common tangents of the two
circles,

(xllayll):(x12>y12)e TP(xayaxlaylarl)
and
(x21,y2]),(x22,y22)e TP(x5y7x2=y27r2)

denote two tangent points of inner common tangents is
circles O, and O, respectively, then

(x, )= (x, )+ Axy =X, ¥, — )

where A is a constant need to be determined. Now
consider

loo| _ 10,0,|-|00|]

h p)
|00| ’”1|0102|
! n+n

We have A =r/(r; +r,) ,and

4l

()=, )+ (X =X, 72 =01)

ntn

After finding the intersection point of the two inner
common tangents, we can find the four intersection
points of two inner common tangents and two circles
using the method in sub-section 3.1, that is (x;;,¥,,),

(X125312) » (X21,21) and (xy,¥5) -

We can conclude that (x;;,»,;) and (x,,y,,) are
two points on same inner common tangent if vectors
(x1, 7)) = (x5, 1) is parallel to vector (x;, y;)— (3, 21) -

Using the above algorithms we can find all common
tangents of any two circles.

4, SHORTEST
ALGORITHM

COLLISION-FREE PATH

For the problem of shortest collision-free path
planning presented in section 1, we will give an
algorithm to find the shortest collision-free path
automatically in this section. In order to make it
convenient to depict the algorithm, we first give the
following definition.

4.1. Definition

A common tangent segment of two circles is called
a collision-free common tangent segment, if it does not
intersect any other circle.

By regarding the point as a circle with radii zero, the
definition is the same with tangent of a circle and a
point. Therefore, a relative shortest collision- free path
is acyclic curve, whose any two adjacent collision-free
common tangent segments are consistent with respect
the arc between them. If the endpoints of collision-free
common tangent segments once are provided orderly,
a relative shortest collision-free path will be
determined, and so a relative shortest collision-free
path can be represented by a sequence of points. For
example, the relative shortest collision-free path
passing through p,, circles O,,---,0, and p, orderly

can be represented as,
L:{Ds’tl7t29"'>t2k—1’t2k>pe}

where points ¢,,_, and t,; are intersection points of the
circleO;, and two collision-free common tangent
segments t,;_»t,;.; and tyty;,,(i=12,---,k), they are
connected by an arc segment with center O, and
radii 7.

4.2. Definition

In a relative shortest collision-free path L , the sub-
path from a collision-free common tangent segment to
end point p, is called a remainder path, and the
number of straight line segments contained in path L is
called the index of the path L .

Actually, for any relative shortest collision-free path
and i=12,---,k, if we regard the point #,,_, as a node,
and the length of path ¢,,_,#,¢,,,; as the weight of the
path, Dijkstra shortest path algorithm [19, 20] and its
improved algorithm [21] can be used to find the
shortest collision-free path. Let / denote a variable
upper bound of the shortest collision-free path length
with a large enough initial value. We first connect
points p, and p,, and obtain a directed straight line

segment p p,. If the straight line segment p.p, does
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not intersect the n circles, we take the value of / equal
to the length of the straight line segment p p,. Then
we have found the shortest collision-free path from p;
to p, with length /. Otherwise, we need to find all the
remainder paths with index 1 and length less than /.

For each of the n circles, we can find its collision-
free common tangents passing through the end point
p. using the approach produced in sub- section 3.1.
Denote the remainder paths with index 1 and length
less than [ by

{tlk’pe k:1’2’”"il} (1)

where ¢, lies on the circle with center O, and radii
ny, and straight line segment ¢,p,, namely a

remainder path with index 1, is a collision-free common
tangent segment of circle O, and end point p,, i

represents the number of the remainder paths with
index 1 and length less than /.

For k=1,---,i;, if there is a collision-free common
tangent segments p.," of circle O, and starting
point p,, where t,," lies on the circle O,,, p,t," and
t.p. are consistent, and the arc ¢,'"¢t, is a inferior
arc, then path {p,,z,'".1,.p.} is a relative shortest

collision-free path. Furthermore, if its length is smaller
than /, we take the value of / equal to the length of
the path. Apparently, if the value of / once is changed,
it will represent the length of the shortest collision-free
path has been found.

By property 2.4, a relative shortest collision-free
path intersects each of the circles at most once, so the
starting points of the remainder path with index 2 and
sub-path ¢,p, lie on circle with centers in set

Pli=12-.n}{0,}. Since the remainder path with

length bigger than [ is impossible to be a sub-path of
the shortest collision-free path, we denote the set of the
remainder paths with index 2 and length less than [ by

k-1 k
k:1,2,--~,i1,i:2jr+1,~~~,2j,} (2)
r=1 r=1

where point z,; lies on the circle with center
0, € ‘r01|i:1a27"'a”}_{01k}

and radii r;, point #,' lies on the same circle as the
point 1, , straight line segment ¢,,7,' is an collision-
free common tangent segment of circles O, and O,;,

{tZi’tli"tlk7pe

tangent segments ¢,,4,' and ¢, p, are consistent, and
the arc ¢,'t;, is an inferior arc. The starting points of
these remainder paths lie on the circles with centers in

{0,li=1,2,.i,}

Gl
where i, =2j, . Since for i=1,---,i,, there is only a
r=1

sub-path from straight line segmentz,;s;;'to end point
p.. I, represents the number of remainder paths with
index 2 and length less than /.

For i=1,---,i;, considering the collision-free
common tangent segments p.,"' of circle O, and
starting point p,, where ¢,,' lies on the circle O,;. If
Pit»' and t,;t;' are consistent, and the arc ¢,,'t,; is an
inferior arc, then path {p,.t.,",t5:,1;\ti» 0. | IS @ relative
shortest collision-free path. If its length is smaller than
[, we take the value of [ equal to length of the path.

By property 2.4, the starting points of the remainder
path with index 3 lie on circle with centers in set

{0li=1,--.n}-{0,.0,} . For
0, €{o,i=1,.n}-{0,.0,}

let #;,,,' be a collision-free common tangent segment
of circles 0;, and O,;, where ¢#;; and ¢,,' lie on the
circles 05, and O,; respectively. If the tangent
segment #;,4,,' may be connected to many sub-paths

given in expression (2) to form the remainder paths
with index 3, we delete other sub-paths except the
shortest one, such that starting from the tangent
segment t;7,,', there is only a remainder path with
index 3. Denote the remainder paths with index 3 and
length less than/ by

{t.%j’tzj' iy tjay iy Pe ] = 172""’i3} 3)
where i; represents the number of remainder paths
with index 3 and length less than /.

We need to repeat this process until we obtain a
positive integer N, such that i, >0,---,iy,_; >0, iy =0.

Since equation iy, =0 means that except the path
found with length [, the remainder path with index N
does not exist or its length is bigger than /. Then the
path with length [ is the shortest collision - free path.
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5. ALGORITHM DESCRIPTION IN A STYLE OF
PSEUDO-CODE

Denote the shortest one of the indexvremainder
paths starting from the straight line segment 7,7.,_,,," to

end point p, bys,.(v). Using the algorithms given in
Section 3, we can obtain s"*V (i=1,---,i,,,) from s

(i=1---,i,), as shown in Section 4. The process can
be expressed as the following operator:

(sl(VH) s ~sl.(‘:’1)) = ExtendPath(sl(V), > -sfvv))

For example in Section 4,

(Sl(l)’...si(ll)): {‘k’pe|k 2132’...’1'1}

k-1 k
k=1,2,"',il,i22j,. +17""2jr
r=1 r=1

= ExtendPath{Jk ,pe|k =12,---,j }

{t%’tli"tlkape

Using the above operator, the pseudo-code for the
shortest collision-free path algorithm is as follows.

Input. n circles with centers O,,---,0, and radii
n,-,r, respectively, the starting point p, and the end

point p, of the manipulator’s effectors.

Output. The shortest collision-free path s from
starting point p, to end point p, .

1. Initialize / as a constant bigger than the length
of some a path from p, to p,.

does not
intersect the »n circles, let / be equal to the
length of the straight line segment p, p,. Then

let s=1{p,,p,}, go to step 7.

2. If the straight line segment p.p,

3. Find all the remainder paths with index 1 and
length less than [, denote them by

s (=10 .
Let v=1,1y,'=p, (i=1,---,i)) .
4. If i, =0, go to step 10.

5. For i=1,---,i,, if pg," and 1,,,," are

consistent, and the arc ¢,"'t
Then let

is an inferior arc,

vi

s= {ps,tw. ",sf”} ,

and let / be equal to the length of path .
6. Compute

(s, ~sl.(‘:’1)) = ExtendPath(s"”, - -sfvv)) :
Set v=v+1, go to step 4.

7. Input s.

Figure 8: Inner common tangents of two circles.
6. SIMULATION

The shortest collision-free path problem is shown in
Figure 7. In Figure 7, different line types represent the
starting tangent segment of a remainder path with
different index. Some of these tangent points have
been lined out in Figure 7. According to index order,
the centers of the circles on which the starting points of
remainder paths lie are given as follows

0, =0y, =0s

0= 0,4 = O,

Ooilk =12,y }=0,,05,0, }
Dulk=12,i5 }=10,,05,0,}
Dulk=12,i, =0}

After all starting points of remainder paths index 2 are
obtained, we take the value of / equal to the length of
path {p..t.," tr6.t16'-114- P, }. After all starting points of

remainder paths index 4 are obtained, we take the
value of / equal to the length of path

{ps,t41‘,t4| sl31' 83151 ”t24’t14‘>t13ﬂpe}



40 International Journal of Robotics and Automation Technology, 2015, Vol. 2, No. 1

An Kai

- Ds

LR

Figure 9: An algorithm sketch map of shortest collision-free
path.

After this, the lengths of all remainder paths with
index 5 are bigger than /, which means i; =0. So the

shortest collision-free path is

{ps,t41‘,t4| sl31 83151 ’9t24’t14‘>t13ﬂpe}

7. THE GENERALIZATION TO THE SLENDER
OBSTACLE REGION

In the previous sections, we assume that the
obstacle regions are n disjoint circles. But not all of the
obstacle regions are circular in general. Expanding
each of the non-circular obstacle regions into a circle
and replacing the original obstacle regions by the
circles, we can still obtain n circles. As long as the n
circles are disjoint, a shortest collision-free path based
on the n disjoint circles can be found using the method
given in previous sections. However, if the original
obstacle region is slender, its expanded circle will be
possible to intersect the other circles as shown in
Figure 10, where two obstacle regions are expanded
into two intersectant circles O, and O,. In order to
ensure that all the circles will not intersect, we will
expand the obstacle region 4 in Figure 10 into the
region surrounded by two circles O;, O; and their two

exterior common tangent segments L, and L,. The
circles O,, O; and O; will be called expanded circles.

However, it should be pointed out that the “slender”
obstacle region is a relative concept relevant to the
distribution of its neighbouring obstacle regions. After
an obstacle region is expanded into a circle, if the circle
does not intersect any expanded circle, it is not
necessary to consider it as a slender obstacle region.

[obstacle
|| region =

Figure 10: The intersection of two expanded circular
obstacle region.

In the path planning process, the obstacle region A
can be replaced by the two circles O; and O,, but
then, an additional restriction needs to be appended to
the common tangent segments in path, that is, except
for the complete coincidence cases they do not
intersect the two tangent segments L, and L,. In fact,
if each common tangent segments in path do not
intersect L, and L,, the path will not traverse the
obstacle region 4 in Figure 10.

For each slender obstacle region we can find two
circles and their two common tangent segments, such
that the slender obstacle region is surrounded by the
two circles and their two exterior common tangent
segments. For the other obstacle regions we can
expand them into some circles with different centers
and radii. In this way, we can obtain some circles and
exterior common tangent segments called obstacle
common tangent segments.

Let 4,,4,,---,4,, be m obstacle regions, where

A, 4,,---, 4, are m(<m) slender obstacle regions.
Suppose that obstacle region A4;(i=12,---,m;) is

expanded into the region surrounded by the two circles
0,;_1,0,; and their two exterior common tangent

segments L,,_,,L,;, and that obstacle
A;(i=m;,m +1,---,m) is expanded into the circular
region O,, ;. In this way, we can obtain »n expand

ny

region

circles and N obstacle common tangent segments,
where n=m+m;, N =2m,.

Under the restriction that each common tangent
segment in path does not intersect the N obstacle
common tangent segments, we can find a shortest
collision-free path based on the n expanded circles by
the method developed in the previous sections. The
path is also a feasible collision-free path for the m
obstacle regions 4,,4,,--,4,,, despite the fact it is not
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Figure 11: Three obstacle regions surrounded by various
numbers of circles and common tangent segments.

the shortest path. However, for any obstacle region, we
can choose more circles and common tangent
segments to surround it, as shown in Figure 11, and
that with the increase of the numbers of the circles and
the common tangent segment and the reduction of the
radii of the circles, the region surrounded by the circles
and the common tangent segments can be made to
approach the obstacle region more closely. Thus it can
be seen that under the restriction that each common
tangent segment in path does not intersect these
obstacle common tangent segments, the shortest
collision-free path based on these expanded circles,
obtained using the method developed in the previous
sections, will approach the shortest collision-free path
based on the obstacle regions.

8. CONCLUSIONS

This paper presents a method for planning collision-
free paths based on circular obstacle region. A series
of simulations demonstrated that the proposed
methods might effectively establish shortest collision-
free paths in two dimensions for an acceptable short
time for the generation of paths. Despite the fact that
an obstacle region can be surrounded by a circle with
big-enough radii, a circle cannot surround an obstacle
region as closely as an ellipse, especially in the case of
the slender obstacle region. However, it is a very
difficult to find the shortest collision-free paths based
on ellipse obstacle regions, which includes computing
arc length of an ellipse and the common tangent of two
ellipses. These issues will be addressed in future.
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